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The optimal function / satisfying 

n 

E|^X,| > /(E|Xi|,...,E|X n |) 
1 

for every martingale {X\, X\ +X2, ■ ■ ■ , Y^7=i -^i) ^ s shown to be 
given by 

f(a) = max^-^Oi^ujSl}^ 

for a € [0,co[ n . A similar result is obtained for submartingalcs 
(0,Xi,X 1 +X 2 ,...,^ =1 X i ). 

The optimality proofs use a convex-analytic comparison lemma 
of independent interest. 



1. Introduction and main results. This article provides in two inter- 
esting special cases the optimal lower bounds for absolute moments of sums 
S n = Yli=i Xi given absolute moments of their increments Xj and given some 
structural assumption on the process (Jfi, . . . , X n ), see Theorems II .11 and II .21 
below. These belong to the first few nontrivial results of their kind, despite a 
rather large literature on moment bounds in general. Let us introduce some 
notation for stating our results and for comparing them with previous ones. 

For n G N := {1, 2, 3, . . .} we consider processes (X±, . . . , X n ) of real- valued 
random variables and always put Sk '■= Yh=\ X% for A; 6 {0, . . . , n}, so that in 
particular Sq = 0. We denote various structural assumptions on (Xi, . . . , X n ) 
by acronyms as follows, 



IC 

MG 
SMG 



X\, . . . , X n are independent and centred 
(Si, . . . , S n ) is a martingale 

(Sq, . . . , S n ) is a submartingale or a supermartingale 



where "centred" means EXj = for each i. 
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For r G [l,oo[, n G N, a G [0, oof 1 , and with A denoting any of the 
assumptions IC, MG or SMG, we put 

(1) f r>A (a) := w£{E\S n \ r : A,E\X 1 \ r = a 1 ,...,E\X n \ r = a n } 

(2) F r>A (a) := sup {E\S n \ r : A, E|Xx| r = a 1; . . . , E\X n \ r = a n } 

We sometimes abbreviate / r A =: / A . 

Thus, for example, / MG (a) with a G [0, oo[ n is by definition the best lower 
bound for E\S n \ given that (Si, . . . , S n ) is a martingale with Xi = Si — S{-i 
satisfying E|Aj| = Oj for each i G {1, . . . , n.}. 

Set theoretical correctness requires us to note that the above definitions §T§ 
and ©, referring as they do to the nonexistent set of all processes satisfy- 
ing assumption A, can be legalized by noting that the expectations and as- 
sumptions considered depend only on the laws of the processes (Xx, . . . , X n ). 
These laws form a well-defined set on which a formally correct version of defi- 
nitions ([T]) and ([2]) should be based, as in formula (fH|) below, which correctly 
defines the restriction of / MG to [0, oo[ n . 

The explicit determination of the functions / MG and /smg m ^ ne following 
two theorems is the main result of this paper: 

THEOREM 1.1 (The martingale case). For n G N and a G [0,oo[ n , we 
have 

(3) /mgW = maxjafc-^aij U j 

I i=1 J k=l I 2. ) k=3 

Theorem 1.2 (The submartingale case). Forn G N and a G [0, oo[ n , we 
have 

(4) /smg(«) = 

e \n ( a k~H a i^ n -\ , a k ~ J2 a i *. n f ni ^n-l 

- - £*L u {-r-L u {-f*-L u (tL 

Here and below denotes the possibly empty set : fc G N, n\ < 

< ^2} and summations as in (BJ are with respect to i G {1, . . . , n} subject 
to the indicated conditions. Put less formally, Theorem ll.il for example, says 
that inequality (fT2l below is optimal if just MG is assumed and if the right 
hand side is only allowed to depend on E|Xi|, . . . , E|A n |. 

Theorems 11.11 and 11.21 are proved in Section [3] using in particular a com- 
parison lemma for certain convex functions, namely Lemma 12.21 supplied in 
the preparatory Section [2} which might be of independent interest. The re- 
mainder of this section contains a few remarks and some comparisons with 
known results. 
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In Theorem 11.11 we could have written {^-} k =i instead of {^} k=3 either 
by changing the proof a bit or by noting that y < a\ — J2]=i ca and y = 
|(ai + ci2 — ai) < max{ai,a2 — ai}. However, in the formulation chosen, 
the restriction of / MG to [0, oo[ n is presented as a pointwise supremum of 
n+(n— 2) + linear functions of which no proper subset would suffice. (To check 
this, one may consider a = (ctj)™ =1 with = 5 kji to prove that a k — YhZ\ a i can 
not be omitted for k G {1, ... , n}, and a; = <5i,i+52,i+35fc,i to show that y- can 
not be omitted for k G {3, . . . , n}.) A similar remark applies to Theorem 1 1.21 
(For proving here that none of the linear functions can be omitted, one may 
consider = 5 k)i for k G {1, ... , n}, a { = 35 k:i + 25 n ^ for k G {1, . . . , n — 1}, 
a>i = S^i + 5 2 ,i + 25 kji for k G {3, . . . , n}, and Oj = 5 1}i + 8 2>i + 35 kti + S n>i for 
k G {3, . . . , n— 1}.) In particular, Theorems II . II and 1 1 . 21 imply the inequalities 

(5) ]-mkxa k < f MG {a) < mkxa k 

(6) ^maxa fe < /sMc( a ) < mkxa k 

4 fc=l fc=l 

for n G N and a G [0, oo[ n , where the constant factors involved are easily seen 
to be optimal. See (J2T1) below for more details on ([6]). Another consequence 
of Theorems IX . II is the Kemperman & Smit (1974, statement (d)) inequality 



< 7 > 2^TP- £ '> 



MGV a J 



since © with {f}l =1 instead of {f }£ =3 yields / M g( g ) > max{ ai , f , . . . , f} 
— 2rhi ai + ^t=2 2i^T f = L.H.S.((7]), where in the second step we have 
bounded a maximum from below by a convex combination. However, de- 
pending on a G [0, oo[ n , inequality ([?]) can be much worse but can only be 
slightly better than the left hand inequality in ([5]). 

Theorem 11.11 and its proof remain valid if we replace (Si)™ =1 by (Si)™ =0 
in the definition of MG and in the line following ffl9l) . and {2, . . . , n} by 
{1, . . . , n} in the line following ffT3"]) . No such remark applies to Theorem II. 21 
as becomes clear by considering the submartingale (Si, S 2 ) := (—1, 0). 

We now present all other cases known to us where one of the functions 
f rA or F rA with r G [l,oo[ and A G {IC, MG, SMG} is obvious or has 
been determined in the literature. For comparison we also mention some 
corresponding results referring to one of the assumptions 



IS 
IIDC 

N 



X\ , . . . , X n are independent and symmetrically distributed 

X\, . . . ,X n are independent, identically distributed, and centred 

No assumption, i.e., Xi, . . . , X n are arbitrary random variables 
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We make no attempt to review moment inequalities optimal in senses weaker 
than ours, like bounds of optimal order or optimal constants in bounds of a 
special form, let alone related bounds involving moments of different orders 
or tail probabilities. 

As a preparation, let r G [l,oo[ and let us consider n G N, a G [0,oo[ n , 
p G ]0, 1], and independent 

X t ~ (i- p )5 + l(6_ a i /r/p + 8 a yr /p ) 

for i G {1, . . . ,n}. Then E|Xj| r = a« for each i and, by bounding the prob- 
ability of the event {XiXj ^ for some i ^ j}, we have lim p | IE | *S' rx | r ' = 
lim pi0 EX;r=i \Xi\ r = Er=i a i =: ll a lli- Tnis yields 

(8) f r ,A < II • 111 < 

whenever A is any of the six assumptions introduced above, if in case of 
A = IIDC attention is restricted to arguments a G [0, oo[ n with a\ — . . . — a n . 

Continuing now with the exponent r = 1 but turning to upper bounds, 
we have F 11C = F 1MG = F x SMG = || • ||i by the L 1 triangle inequality 
E\S n \ < Sr=i E|Aj| and by the right hand inequality in (jSJ) with r = 1. 

Coming back to lower bounds for r = 1, we believe that f 1 IC is in general 
unknown, although it is an easy exercise to show that / 1IC (a) = max£ =1 at 
whenever n G N and a G [0, oo[ n satisfy > J2i=ik a i f° r some k. Somewhat 
surprisingly, the corresponding problem under the assumption IIDC has al- 
ready been solved in Mattner (2003), namely f l hdc( 

for a G [0, oo[™ 

with ai = . . . = a n , where c n is n times the maximal probability of a binomial 
distribution with parameters n and \ n/2\/n, and thus c n ~ for n — > oo. 

For r = 2, we obviously have / 2IC = F 2 IC = / 2MG = F 2 MG = || • ||i. 

Let r G ]1,2[. Then von Bahr & Esseen (1965, Theorem 1) and the right 
hand inequality in (jSJ) yield F r i S = || ■ l^. 

Let now r G [3, oof. Then E\X + Y\ r > E\X\ r + E|F| r whenever X, Y 
are independent and centred IR-valued random variables, by Cox & Kem- 
perman (1983, Theorem 2.6). This immediately yields the remarkable re- 
sult f rIC = || • ||i, by induction and by the left hand inequality in (jSJ). See 
Pinelis (2002, Theorem 6) for an extension of the Cox-Kemperman inequality 
to Hilbert space valued random variables. 

Finally, computing f r ^ and F^ for r G [1, oo[ is equivalent to determining 
the best lower and upper bounds for the L r norm of a sum given the norms 
of the summands. This is a special case of an exercise in elementary normed 
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vector space theory solved in Mattner (2008). The solution given there yields 



for n6N and a G [0, oo[ n . 

2. Auxiliary facts from convex analysis. We assume as known some 
standard terminology and facts as given in Rockafellar (1970), but generalized 
in the obvious way from R n to arbitrary and possibly infinite-dimensional 
vector spaces over M. We state here two lemmas used in Section [3] below. 

The first lemma says that partial infima of convex functions are convex. 
This will be applied below only in situations where all functions considered 
are finite-valued, but it seems simpler to state the general case. 

Lemma 2.1. Let C and D be convex subsets of vector spaces over~R and 
let E C C x D and f : E — > [— oo, oo] be convex. Then the function 

C 3 x i — > hd{f(x,y) : (x,y) EE} G [—00,00] 



Proof. Easy and well-known, compare Rockafellar (1970, pp. 38-39). □ 

Our second lemma reduces the pointwise comparison of certain convex 
functions to a comparison at distinguished points. Let E be a vector space 
over M. Then the dimension of a convex set C C E is, by definition, the 
dimension of the vector subspace F C E obtained by translating the affine 
hull A of C towards the origin. If this dimension is finite, then A is topologized 
by translating from F its usual (unique Hausdorff topological vector space) 
topology, and the relative boundary and the relative interior of C are then 
the boundary and the interior of C as a subset of the topological space A. 

Lemma 2.2. Let C c E be convex, finite- dimensional, and compact. Let 
f,g:C—>-Wbe functions with f convex and g = sup ig/ <?j being the pointwise 
supremum of a finite family of affine functions Qi : C — > K. Assume that 
f(%) — g{x) holds for every x satisfying one of the two conditions 

(9) x G relative boundary of C 

(10) x G relative interior of C and {#j : % G /, gi{x) = g{x)} contains 
at least dim C + 1 affinely independent functions 

Then f < g on C . 




i=i 



is convex. 
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We recall that a family : i G J) is affinely independent if S" 6 j = 
with a.i G E and X)»g j a % — implies a« = for z G J. 

For example, to prove f(x) := x 2 < \x\ =: g(x) for x G [—1, 1] =: C, it is 
enough to consider x G { — 1, 1,0}, by Lemma l2~2l applied with g±(x) := — x 
and #2 (s?) := x. Replacing here x 2 by |(x 2 + 1) shows that the affine indepen- 
dence requirement in ( TTU1) can not be strengthened to linear independence. 

Proof of Lemma I2.2L We may exclude the trivial cases where / is empty 
or C has at most one element. Thus k := dimC > 1. By a translation and 
by choosing a basis, we may further assume that C C M fc = E. Then C has 
nonempty interior int C as a subset of R fc , and we can omit the adjective "rel- 
ative" in conditions (J9l) and ( {TO}) . Also, we can consider the affine functions 
gi as being defined on the entire space M fc . 

For every x G C, we introduce the nonempty set 

I x := {i G / : gi(x) = g{x)} 

Let Xo G C. Then 

x G C := {s G C : g^x) = g(x) for i G 

So it suffices to prove / < g on Cq. Now Co is easily seen to be convex and 
compact, / is convex, and g is affine on C as I Xo 7^ 0. Hence, by Rockafel- 
lar (1970, Corollary 18.5.1), it suffices to prove f(x) < g(x) whenever x is 
an extreme point of Co- We finish this proof by showing that every extreme 
point x of Co satisfies ^ or ( TTOl) : 

Let x G Co satisfy neither (jHJ) nor ( jTUl) . Then x G int C and {gi i E I x } 
contains at most k affinely independent functions. Also, gi(x) < g(x) for 
i G and thus 

x G U := (intC)n{yGM fc :^(y)<(?(y)forzG/\/,} 

and C/ is open, due to the finiteness of J. Let us assume for notational con- 
venience that I x = {1, . . . , n}. Assuming n > 2 until further notice, we have 

x G A := { y eR k :g l (y) = ... = g n (y)} 

= {yER k :h 1 (y) = 0,...,h n . 1 (y) = 0} 
= {yeR k :h 1 (y) = 0,...,h e (y) = 0} 

where hi := gi — g n for i G {1, . . . , n — 1} and, reordering if necessary, 
(hi, . . . , hi) is a maximal linearly independent subfamily of (h\, . . . , /i n -i)- 
Then . . . ,ge,g n ) is affinely independent, so £ + 1 < k. As the functions 
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hi are affine and the set A is nonempty, it follows that dim A > k — £ > 1 . 
Thus U n A contains a nondegenerate line segment S with midpoint x, this 
conclusion is also true if n = 1 and A := IR fc , and we no longer assume n > 2. 
For j/ 6 [/ fl i, we have gi(y) = g(y) for every i G J^.. As J x D J xo , we 
conclude that U C\ A G Cq and hence 5 C Co, so that x is not an extreme 
point of Cq. □ 

3. Proofs of the main results. 

Proof of Theorem 11.11 In this proof we put 

f(a) := / MG (o) = L.H.S.® and g(a) := R.H.S.Q35 

for n G N and a E [0, oo[ n . 

Let n E N and let (S k )l =1 = (Ei=i X i)k=i be a martingale. Then 

(11) E\S k \ < E\S n \ for k e {l,...,n} 

Applying first the L 1 triangle inequality and then (TTTj) to each of the identities 

fe-i 

^fc = ^fc-^Xi for k e {1, . . . ,n} 

^fe = Sjfc - for A; G {3, ... , n} 

yields E|X fc | < E|5 n | +E^=i 1 E|X i | and E|X fe | < 2E|5' n |, respectively, and 
hence 



(12) 



E\S n \ > maxjEl^l-^El^lj^uj^-^ 



This proves / > g. 

It remains to prove the reversed inequality / < g, and this will eventually 
be done by induction. For n G N, we let f n and g n denote the restrictions of 
/ and g to [0, oo[ n . 

A key observation is that each f n is convex. To see this, let us consider the 
canonical process X = (X±, . . . , X n ) := idign and the set of laws 

V := {P e Prob(M n ) : X satisfies MG under P} 

The latter is convex, since P G Prob(IR n ) belongs to V iff it satisfies the 
linear constraint 

(13) / X J /i(X 1 ,...,X i _ 1 )dP = 
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for each % G {2,...,n} and each measurable indicator h : W~ x — > {0,1}. 
Recalling the notation S n := 2™ =1 -Xi, we have 

(14) / n (o) = inf( / \S n \dP : P eV, I \X { \ dP = <n for each i) 

for a G [0, oof 1 . Thus an application of Lemma I2TT1 with C = [0, oo[ n , D = V, 
E = {{a,P) G C x D : / Rn dP = a« for each i} and / = ((a, P) h-> 
J Rn |5" n | dP), yields the claimed convexity of / n . 

Next, the functions / n and g n are homogeneous: Since constant multiples 
of martingales are martingales, we have f n (Xai, . . . , Xa n ) = \f n (ai, . . . , a n ) 
for A G [0, oof and a G [0, oo[ n , and the same scaling relations obviously hold 
for the functions g n . 

By the homogeneity just observed, it suffices to prove /„ < g n on the 
simplex C n := {a G [0, oo[ n : J2i=i a i — 1}> f° r eac h n G N. The case n — 1 
is trivial. So let us assume that n G N with n > 2 and that / n _i < g n -\ 
on C n _i. To prove f n < g n on C n , we will apply Lemma [2.21 with C = C n , 
dimC = n - 1, / = /„, g = g n , and (g { : i G I) = {g\ : i/ G {1, 2}, fe G ^) 
with 

fc-i 

^(a) := a k -^2ai for A; G K x := {1, . . . , n} 

i=l 

^fc( a ) : = y for A; G iT 2 := {3, . . . , n} 

for a G [0, oo[ n . 

Suppose first that a G C n belongs to the relative boundary of C n . Then 
for some j G {1, . . . , n} we have a,j = and hence 

fn(a) = /n-i(«i, • • • , Oj+i, . . . , a n ) [obvious by definition of f n ] 
< ^ n _i(ai, . . . , dj-x, Oj+i, • • • , a>n) [by induction hypothesis] 
= g n {o) [obvious by definition of g n ) 

Now suppose that a G C n is as in ( flOl) . that is, a belongs to the relative 
interior of C n and with 

(15) K v {a) := {keK u : ^(a) = ^ n (a)} for v e {1,2} 

we have at least dim C n + 1 = n affinely independent functions in {g^ : v G 
{1,2}, k G K u (a)}, so that in particular 

(16) ftK^a) + $K 2 (a) > n > 2 
and a, > for every i G {1, . . . , n}. We now must have 

(17) 1^(0) = {1,2}, K 2 (a) = {3,...,n} 
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for otherwise, in view of ( fl6j) and §K 2 = n — 2, there would exist k, £ G Ki(a) 
with k < £ and £ > 3, so that 

^ - 5Z a » = 9t( a ) = 9n{a) = gl(a) = a k - ^ a { = 2a k - 

i=l i=l i=l 

yielding 

l-\ , fc-i 

= 2a fc + a i > 2 ( a k ~ °> 

i=k+l ^ i=l 

since one of the two sums above is nonempty, and hence the contradiction 
9n(a) = gl(a) = a k -^2a t < — = g\{d) < g n (a) 



By (JT71) we have g n (a) — ai = ^2 — a>i — — ■ ■ ■ — and thus 
18) at 



2 " ' " 2 

~2 ~ " ' ~ ~2 

To prove / n (a) < <? n ( a ) in this case, let us consider p G ]0, 1[ and independent 
random variables Y\ , . . . , Y n with 

Y%~ -S-i + ^-Si, Yi ~ (1 - p)5 + pS 1/p for i G {2, . . . ,n} 
and let us put 

k 

(19) 5 :=0, 5 fc :=nF,, X fc := S k - 5 fc _i for A; G {1, ... , n} 

Then, since EY; = 1 for i > 2, the process («Si)" =1 is a martingale. We have 
E|Si| = 1 for i G {1, . . . ,n} and hence E|Xi| = 1 and 

E\Xi\ = E|y^ — l|E|Si_i| = ((l-p)+p(--lj) -\ = 2-2p 

\ P ' 

for i G {2, ... , n}. Thus 

f n (l,2-2p,...,2-2p) < 1 

By the continuity of the convex function /„ on the open set ]0, oop 1 , compare 
Rockafellar (1970, p. 82), we can let p — > to deduce / n (l, 2, . . . , 2) < 1. 
Hence, by the homogeneity of f n , we get 

f n (a) < ai = s-n(a) 

for the a satisfying (TIB"]) . 

By the above, an application of Lemma 12.21 yields /„ < g n on C n , which 
completes our inductive proof of / < g. □ 
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Proof of Theorem 11.21 This is parallel to but more complicated than 
the previous proof we assume the reader has studied. We may and do replace 
"submartingale or supermartingale" in the definition of SMG by "submartin- 
gale". We then put 

f(o) ■= / SMG («) = L.H.S.® and g(a) := R.H.S.® 

for n G N and a G [0, oo[ n . 

Let n G N and let (S k )% =0 = (E?=i X i)k=o be a submartingale. Then 

(20) E\S k \ < 2E\S n \ for Jfe G {l,...,n- 1} 

by Doob (1953, page 311, Theorem 3.1 (ii)), or by noting that (0,Sk,S n ) 
is a submartingale, that is, ESk > and E(S , n |S'fc) > Sk, and so E|S&| < 
E\S k \ + ES k = 2E(S k ) + < 2E(E(S n \S k )) + < 2EE( (S n ) + \ S k ) < 2E\S n \. 
Applying now first the L 1 triangle inequality to each of the identities 



x k 








for k G {1, . . 


. ,n} 




x k 


= s k 


i<k 




for k G {1, . . 


.,71- 


1} 


x k 


= S n 


— <Sjfe-i — 


i>k 


for jfe G {3, . . 


.,n} 




x k 


= Sk 


— Sjfc-i 




for jfe G {3, . . 


.,n- 


1} 



and then (|2"U]) to the resulting inequalities in the last three groups yields 
E\X k \ ^EI^I + E^fcElX^ElXfcl <2E| i S n | + E i<fe E|X i |,E|X fe | <3E|5 n | + 
Ei>jfcE|Xj|, and E|Xjfc| < 4E|5„|, respectively, and hence the analogue to (|T2l 
proving / > g in the present case. 

To prove / < g, let / n and ^ n denote the restrictions of / and g to [0, oo[ n . 

We have 

(21) g n {a) > max{|}u{^: 2 1 u{^} > -mVa, 

for n G N and a G [0, oo[ n , trivially if n = 1 and otherwise since g n (a) > 
5n (a) > max{f,«} > f if n > 3, 5n (a) > f if k G {3, . . . , n - 1}, 
g 2 (a) > max{a 2 — a%, ^} > g f, and g n (a) > if n > 3. 

Each / n is convex as in the previous proof, where we only have to replace 
the equality sign in ( ITBl by < and {2, . . . , n} by {1, . . . , n}, and the func- 
tions f n and g n are homogeneous. Proceeding again by induction, we apply 
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Lemma [2721 as above, with (gi : i G /) = (g% : v G {1, 2, 3, 4}, k G K v ) where 
gl(a) := a k -^a t 

i^k 

9l(a) ■■= ^(ak-Y, a < 



i<k 



Ok 

4 



i>k 



for k G K\ 




. , Til 




for k e K 2 


:={!,-■ 


.,71- 


ll 


for k e K 3 


:={3,.. 


.,n} 




for k e K 4 


:={3,.. 


., Ti- 


1} 



for a G [0,oo[ n . Trivially, j\ < g±. So let n G N with n > 2. As above, 
the induction hypothesis g n -\ < /n-i yields / n (a) < <7n(a) for a belonging 
to the relative boundary of C n . Hence, defining K v (a) as in (|T5|) but now 
with z/ G {1,2,3,4}, we assume for the rest of this proof that a G ]0, oo[ n 
and that we have at least dim C n + 1 = n affinely independent functions in 
{g k : v G {1,2,3,4}, k G K u (a)}, so that in particular 

(22) ^(a) + $K 2 {a) + $K 3 {a) + $Ki(a) > n > 2 

We will now prove in twelve steps that one of the two conditions 

/00 n / \ Oi &2 o n _i a n 

\ j 2 4 ■ • ■ • _ 4 3 

(24) c/ n (a) = — = — =...= — p = a n 

holds. (For n = 2, condition ([23]) reads # n (a) = f = f • Similarly for ([23).) 
Step 1: # n (a) > 0. 
Proof: g n {a) > gf(a) = ^ > 0. 
Step 2: tt#i(a) < 1. 

Proof: Otherwise there are G {l,...,n} with k ^ t and g\{a) = 
gj(a) = g n (a). The first equation reads 

ak~J2 a i = ae~J2 a i 

i^k i^t 

and yields a k — at = at — a k , hence afc — = 0, contradicting Step 1 through 
9n{a) = g\{a) = a k - ^2a { < a k - a e = 

i^k 

Step 3: %K 3 (a) < 1. 

Proof: Otherwise there are k,£ E {3,...,n} with k < £ and = 
#f(a) = #„(a). Hence a k - £ i>fc a f = a t - Y.i>t a i and tll us 

i 

a k = a e + a i - 2at 

i=k+l 
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yielding the contradiction 

9n(a) = g!(a) = g(a£-£oi) < y < y < y = < <7n(o) 

Step 4: ^ 2 (a) > 1. 

Proof: Otherwise, by Steps 2 and 3, we would have L.H.S.(J22]) < 1 + + 
min{l, n — 2} + max{0, n — 3} = n — 1. 

Step 5: If #K 2 (a) > 2, then ff 2 (a) = {1,2}. 

PROOF: Otherwise there are fc, £ G {1, . . . , n — 1} with k < £, £ > 3, and 

#fc(a) = fl'l(a) = g n (a)- Hence - Ei<£ a i = a k - J2i<k^i = 2a fc - Ei<fc «i 
yielding 



£-1 , fe-l V 

i=k+l V i=l ' 



since one of the two sums above is nonempty, and hence the contradiction 
9n{a) = gl(a) = ^(^"X^) < ^ = gf(a) < g n (a) 

Step 6: IfK 2 (a) = {1,2}, thenK^a) = or both n = 3 and K^a) = {2}. 
PROOF: Let K 2 (a) = {1,2}. Then n > 3. For 1 G #i(a) we get 

gr n (o) = #J(a) = ai-^ai < a x - a 2 = -2#f(a) = -2g n (a) 

contradicting Step 1. For 3 < G Ki(a) we get 

y n (a) = a k - <k < a k - ai - a 2 

= a k - Ag\ (a) - 2^f (a) = a fc - 6#„(a) 
contradicting (|2lil and > 0. If i^i(a) = {2}, then 

9n(a) = gj(a) = g\{a) = 2g 2 (a) -^a* = 2# n (a)-^a, 

i>2 i>2 

yields a k < J2i>2 a i = 9n( a ) for k > 3, and hence K 3 (a) = K±(a) = 0, 
implying n = 3 in view of (1221) . 
Step 7: K 4 (a) = {3, . . . ,n - 1}. 

PROOF: This is trivial if n < 3. For n > 4, inequality (E2D and Steps 2, 3, 
5 and 6 yield n < 3 + j}fQ(a) and hence the claim. 
Step 8: K 3 (a) c {n — 1, n}. 
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Proof: If k G {3, ... ,n - 2}, then Step 7 implies k, k + 1 G K±{a) and 
thus gl(a) < \{a k - a k +i) = f (#|( a ) _ 9k+i( a )) = °, hence fe ^ K 3 (a). 
Step 9: Ifn> 4, then #i(a) = 0. 

PROOF: Let n > 4 and G i^i(a). Then = max™ =1 cij. If £ G {3, . . . , n — 
1}, then Step 7 yields 4g„(a) = and, using (I2"TT) . we get a fc < and 
thus k — £, for otherwise ^(a) < a*. — < 0. For n > 5 we thus get a 
contradiction by considering I = 3 and £ = 4. 

So let n = 4. Then Jfi(a) = {3}, hence ^K 2 {a) = 1 by Steps 4 to 6, 
iT 3 (a) C {3,4} by Step 8, and K 4 (a) = {3} by Step 7. If 4 G #3(0), then 
g\{a) = g n (a) = gf(a) yields a 4 = |a 3 and hence the contradiction 

9n{a) = gl(a) < a 3 -a 4 = ^ = g n (a) 

Thus, in view of ( |22l) . we must have K${a) = {3}. Hence g\{a) = g 3 {a) and 
thus ai + a 2 = §((13 — a 4 ), so that for i G {1,2} we get gj(a) < ai +° 2 = 
^3( a ) = ffn ( a ). Hence K 2 (a) = {3}. So G := : 1/ G {1,2,3,4}, fc G 
^(a)} = {ghgl,g%,gi}, but the identity g\ - 2#f - 3#| + 4#f = shows 
that G does not contain n = 4 affinely independent functions, contrary to 
our assumption preceding (J22l) . 

Step 10: If n > 4, then ([23]) or (l2l) . 

PROOF: The assumption together with ([22]) and Steps 3, 5, and 7 to 9 imply 
K^a) = 0, K 2 (a) = {1, 2}, if 4 (a) = {3, . . . , n - 1}, and K 3 (a) = {n - 1} or 
i^ 3 (a) = {n}. The second possibility yields f[2"3"]) . the first yields (|2"4"|) . 

Step 11: Ifn = 3, tien (J23D or (123]). 

Proof: Let n = 3. Then K 4 (a) = 0, i^ 3 (a) C {3} and, using Step 14, 
^ K 2 (a) C {1,2}. If AT 3 (a) = 0, then (E2D and Steps 2, 5 and 6 yield 
Kx{a) = {2} and K 2 (A) = {1,2}, and hence $S]). So let K 3 (a) = {3}. Then 
Ki(a) = 0, for otherwise either 3 G Ki(a) yielding ^ = g n (a) = a 3 — (ai+a 2 ) 
and hence the contradiction g n (a) = y = > max{|, 0-2 ~° 2 } = g n (a), 

or there is a k G {1, 2} niTi(a) yielding y = g n ( a ) = |a 2 — ai| — a 3 and hence 
the contradiction g n (a) = y = ||a 2 — ai| < |max{y, ai ~^ a2 } = |g n (a). Thus 
(E2J) yields fsT 2 (a) = {1,2} and (ESI) follows. 

Step 12: Ifn = 2, then ([23]) or ([24]). 

Proof: Let n = 2. Then K 3 (a) = K A (a) = and Step 4 yields i^ 2 (a) = 
{1}. Thus 022]) and Step 2 yield either ^(a) = {1} and hence Q23|), or 
K^a) = {2} and hence ([23]). 

This completes our proof that ( [23]) or ( ]24l) holds. To prove / n (a) < g n (a) 
in each of these cases, we will consider simple modifications of the martin- 
gales used in the proof of Theorem 11.11 Let p, Yi, . . . , Y n , So, ... , 5* n _i and 
Xi, . . . , X n _i be as in f[T9l and its preceding four lines. 



14 



LUTZ MATTNER AND UWE ROSLER 



In case of ( l23l) we define 

S n '■= (S'n-l^'n) an d X n := S n — SVj-i = (Y n — l)(S' n _i) + + (S n -i)- 

Then (Si)2 =0 is a submartingale and we have E|i> n | = EY^E(S n _i)+ = |, 
E\Xt\ = 1, E|Xi| = 2 - 2p for i G {2, . . . ,rt - 1}, and 

E|X n | = E|r n -l|E(S n _ 1 ) + + E(S„_ 1 )_ = (2-2p)^ + ^ = ~-p 



Thus 



f n (l,2-2p,...,2-2p,~-p) < ~ 



and hence /„(1, 2, . . . , 2, |) < \ yielding f n (a) < ^ = # n (a) 
In case of (1241) we define 



SVi :— (S^-ij and X n :— S n — SVi-i — (^Jn-iJ^ 

Then (Si)™ =0 is a submartingale with EIS^I = J S f ri ,_x | = \, E|Xi| = 1, 
E\Xi\ = 2 — 2p for i G {2, . . . , n — 1}, and E|X n | = |E|S' n _i| = |. Thus 

/ n (l,2-2p,...,2-2p,^ < 1 

and hence / n (l, 2, . . . , 2, ~) < | yielding again / n (a) < ^ = #„(a). □ 
References. 

[1] Cox, D. C. and Kemperman, J.H.B. (1983). Sharp bounds for absolute moments 

of a sum of two i.i.d. random variables. Ann. Probab. 11 765-771. 
[2] Doob, J.L. (1953). Stochastic Processes. Wiley, New York. 

[3] Kemperman, J.H.B. and Smit, J. C. (1974). Sharp upper and lower bounds for the 
moments of a martingale. Adv. Appl. Prob. 6 244-245. 

[4] Mattner, L. (2003). Mean absolute deviations of sample means and minimally 
concentrated binomials. Ann. Probab. 31 914-925. 

[5] Mattner, L. (2008). Sums of norm spheres are norm shells and lower triangle in- 
equalities are sharp. Preprint, http://arxiv.org/abs/0805.0314 

[6] Pinelis, I. (2002). Spherically symmetric functions with a convex second derivative 
and applications to extremal probabilistic problems. Math. Inequal. Appl. 5 7-26. 

[7] Rockafellar, R.T. (1970). Convex Analysis. Princeton University Press, Prince- 
ton. 

[8] VON Bahr, B. and Esseen, C.-G. (1965). Inequalities for the rth absolute moment 
of a sum of random variables, 1 < r < 2. Ann. Math. Statist. 36 299-303. 

Universitat Trier Christian-Albrechts-Universitat zu Kiel 

Fachbereich IV - Mathematik Mathematisches Seminar 

54286 Trier Ludewig-Meyn-Str. 4 

Germany D-24098 Kiel 

E-mail: lmattner@uni-trier.del Germany 

E-MAIL: roesler@math.uni-kiel.de 



??? 



??? 7?? 



Q\ ' e-mail: Wn\ 

o ' 
o 

(N 
-i— > 



(N 
> 

(N 

in 

m 

ON 

o 

OO 

o 



i 

imsart-generic ver. 2007/09/18 file: ims-template.tex date: April 16, 2009 



